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AN ORIGINAL APPROACH TO THE CALCULATION OF 
MEAN-SQ,UARE AMPLITUDES 
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I n s t i t u t e  of  I n o r g a n i c  Chemis t ry ,  U n i v e r s i t y  o f  Dortmund, 

D-46 Dortmund-Hornbruch, W .  Germany 

ABSTRACT 

A new method o f  c a l c u l a t i n g  t h e  1 m a t r i x  i s  based  
on  a polynomia l  f i t t e d  po in t -wi se  t o  t h e  f u n c t i o n  
c o t h ( h c w k / 2 k T ) .  E q u a t i o n s  i n  c l o s e d  form a r e  deduced 
f o r  t h e  two-dimens iona l  c a s e  and f o r  T = 0 i n  p a r t i c u l a r .  
The method i s  a p p l i e d  t o  d e r i v e  i n  c l o s e d  form t h e  rnean- 
s q u a r e  a m p l i t u d e  a t  a b s o l u t e  z e r o  f o r  t h e  bond d i s t a n c e  
i n '  a w a t e r - t y p e  molecu le .  

Many p r o p e r t i e s  o f  t h e  mean-square a m p l i t u d e  mat- 
r i ~ , ' - ~  1, i n  t h e  t h e o r y  o f  m o l e c u l a r  v i b r a t i o n s 4  have 
been  d e s c r i b e d .  Most o f  them a r e  t r e a t e d  i n  t h e  c i t e d  
book, and more r e c e n t   publication^^-'^ may b e  c o n s u l t e d  

* V i s i t i n g  P r o f e s s o r  f rom The U n i v e r s i t y  o f  Trondheim,  
N-7O3Lc Trondheim-NTH. F i n a n c i a l  s u p p o r t  f rom "Richard-  
Merton-Fonds d e s  S t i f t e r v e r b a n d e s  f u r  d i e  Deutsche  
W i s s e n s h a f t "  i s  g r a t e f u l l y  acknowledged. 
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400 CYVLN 

f o r  f u r t h e r  deve lopment .  I n  t h e  p r e s e n t  work a n  o r i g i n a l  
method of  computing t h e  matrix i s  g i v e n ,  which i s  
c l o s e l y  connec ted  w i t h  t h e  v a r i o u s  expans ions  o f  1 i n t o  
s e r i e s  .2 v3’7’11 ‘I2 The b a s i c  expans ion3’ I5  i s  d e r i v e d  
from t h e  power s e r i e s  o f  x c o t h ( x ) .  The approach  h a s  
t h e  d e f i c i e n c y  of  no t  b e i n g  a p p l i c a b l e  t o  c a s e s  c o r r e s -  
ponding t o  1x1 > V , f o r  which  t h e  s e r i e s  d i v e r g e s .  T h i s  
o c c u r s  f o r  medium (and  h i g h )  f r e q u e n c y  r e g i o n s  and 

o r i g i n a t e  f rom e m p i r i c a l  f u n c t i o n s  t r y i n g  t o  f i t  c o t h ( x )  
w i t h i n  c e r t a i n  r a n g e s  o f  x.  A l l  t h e s e  approaches  have 
been  c r i t i c a l l y  rev iewed by Ra.” He made i t  c l e a r  t h a t  
a po in t -wi se  f i t  t o  c o t h ( x )  f o r  t h e  x v a l u e s  co r re spon-  
d i n g  t o  t h e  a c t u a l  normal  f r e q u e n c i e s  and a g i v e n  tempe- 
r a t u r e  is  e s s e n t i a l ,  r a t h e r  t h a n  a n  o v e r - a l l  f i t .  

The p r e s e n t  uiethod i s  based on a polynomia l  o f  t h e  
form 

modera te  (and  low) t e m p e r a t u r e s .  O t h e r  approaches  2,169 17 

where n = -1, I ,  3 ,  5, ... ( o c c a s i o n a l l y  -3, -5, ... ) 
and has as many t e r m s  as t h e  number o f  normal  f r e q u e n c i e s  
(a,). The c o e f f i c i e n t s  a k  should  be de t e rmined  i n  s u c h  
a way t h a t  

hc w k  

2kT 
f (  w,) = c o t h  - 

for a g i v e n  a b s o l u t e  t e m p e r a t u r e ,  T .  I n  t h e s e  e q u a t i o n s  
h i s  P l a n c k ’ s  c o n s t a n t ,  c t h e  v e l o c i t y  o f  l i g h t ,  and k 
t h e  Boltzmann c o n s t a n t .  

t o  t h e  c a s e  o f  a two-dimensional  1 matrix,  which seems 
t o  be s e n s i b l e  f o r  s e v e r a l  r e a s o n s .  ( 1 )  It  g i v e s  a good 
i l l u s t r a t i o n  o f  t h e  method. ( 2 )  The method i s  h a r d l y  

In t h e  f o l l o w i n g  we a r e  r e s t r i c t i n g  t h e  e x p o s i t i o n  
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CALCULATION OF MEAN-SQUARE AMPLITUDES 401 

b e l i e v e d  t o  be o f  p r a c t i c a l  importance f o r  l a r g e  mole- 
c u l e s  w i t h  -ma t r ix  b locks  c o n s i d e r a b l y  g r e a t e r  t h a n  
2 x 2 .  (3)  The two-dimensional c a s e  i s  e s p e c i a l l y  i n t e -  
r e s t i n 6  inasmuch a s  i t  l e a d s  t o  c losed  e x p r e s s i o n s  f o r  

t h e  1 elements .  
The al and a2 c o e f f i c i e n t s  a r e  found f r o m  t h e  

l i n e a r  s e t  of equa t ions :  

hc U k  2kT hc uk 

2kT hc uk 2kT 
c o t h  - = - al + - a2 ; k = 1 ,  2 .  ( 3 )  

The frequency pararoeters 

h hc o k  6 -  c o t h  - 
- 8T2c wk 2kT 

may consequen t ly  be w r i t t e n  

where 
2 2  2 h k  = 471 c uk 

Hence f o r  t h e  d i a g o n a l  matrix 8 one o b t a i n s :  

(4) 

N 

and f o r  t h e  mean-square ampli tude matrix ( 1 =L 8 L ) :  

= kT a l N  +T h2 a 2 G .  
16n kT 

Here N i s  t h e  compliance m a t r i x ,  and G i s  t h e  f a m i l i a r  
i n v e r s e  k i n e t i c  energy matrix. 374 F i n a l l y  on  i n s e r t i n g  
t h e  s o l u t i o n s  f o r  al and a2 ob ta ined  f r o m  Eq.  ( 3 )  t h e  
formula (8) r e a d s :  
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2kT 

h c  w 2  

2kT 
wlcOth - - ~ 2 ~ 0 t h  - 

2kT 

(9) 

hc  id1 

2kT 
ulCOth - - U2coth  

h c w l  u2 I =  
a w l 2 -  w22) 

h 

8f2C(uI2-  w 2 2 )  
-I 

T h i s  e q u a t i o n  becomes c o n s i d e r a b l y  s i m p l i f i e d  f o r  
T = 0. On i n s e r t i n g  u n i t y  f o r  t h e  h y p e r b o l i c - c o t a n g e n t  
f u n c t i o n  i t  i s  deduced:  

The i n t e r m e d i a t e  s t e p s  (3)-(8) do n o t  p e r m i t  T = 0 .  We 
shou ld  t h e r e f o r e  check t h e  v a l i d i t y  o f  Eq.  ( l o ) ,  f o r  
i n s t a n c e  i n  t h e  f o l l o w i n g  way. On i n s e r t i n g  

L h" [ and G = L c  it  i s  o b t a i n e d  

N = 

i n  which  t h e  nonvan i sh ing  e l emen t s  o f  t h e  d i a g o n a l  matrix 

h-1 a r e  1/(4n2c2 wI2) and 1/(4V2c2 "22) i n  acco rdance  

w i t h  Eq. (6) .  Hence i t  i s  e a s i l y  v e r i f i e d  t h a t  Eq. 

i s  e q u i v a l e n t  t o  x(0) = L & ( O ) L  , where t h e  nonvani-  

s h i n g  e l emen t s  o f  & ( O )  a r e  

( 1 1 )  
N 

f o r  k = 1, 2. 
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CALCULATION OF MEAN-SQUARE AMPLITUDES 403 

The p r e s e n t  approach  may be used  t o  deduce  mean- 
s q u a r e  a m p l i t u d e s  o f  v i b r a t i o n  f o r  s i m p l e  m o l e c u l e s  i n  
c l o s e d  form.  Here we g i v e  t h e  mean-square a m p l i t u d e  a t  
T = 0 f o r  t h e  X-Y (bond)  atom p a i r  i n  a b e n t  symmet r i ca l  
XY2 ( w a t e r - t y p e )  model: 

Here px and pY d e n o t e  as u s u a l  t h e  i n v e r s e  masses  o f  t h e  
atoms X and Y ,  r e s p e c t i v e l y ,  and 2A i s  t h e  e q u i l i b r i u m  
YXY a n g l e .  
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